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Introduction
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Summary

¢ The problem addressed by diffusion models
¢ Score-based methods
e Flow Matching methods
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Notations

{Xt}tepo,m: Probability path Xo and Xt

pt = px,: Marginal distribution of X; at time ¢

® si(x) = Vxlog pi(x): Score (Stein) function at time ¢
(X) = e_zf‘;(x): parametrization of a density model

* fy(x): energy-based model (unnormalized probabilistic model)

°
o
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Introduction: Generative Modeling Approaches

Likelihood-based

Implicit

Score-based

e Learn p(x)
directly

e ARs, Normalizing
Flows, VAEs

e Limited by
tractability
(normalizing
constant)

e Model sampling
process

® GANs
® Training
instability

* Model Vy log p(x)

e Foundation for
diffusion

e No normalizing
constant
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Score-Based Generative Models (Intuition)

e Model the score function Vy log p(x) instead of density p(x)
e Key advantage: No tractable normalizing constant needed

e_fe(x)

Po(X) = zo) So(X) = Vx log(ps)(x) = —Vxfy(x)

¢ Train by minimizing Fisher divergence through score matching:

Epgaea(0)1S6(X) = Vix 108 Paata(X)|1%]
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Integration of Langevin Dynamics (Intuition)

Langevin Dynamics Integration Scheme (MCMC)
The stochastic differential equation for Langevin dynamics:

Xiyat = Xt + Vi |ng(Xt)At + V2At ¢ (1M

where ¢; ~ N(0, /) is normally distributed noise.

Gradient Ascent (ODE) Langevin Dynamics (SDE)
0

nnnnnnnnnnnnnnn = 30 =
—e— Tjectory (0DE) e~ Tajectory (SDE)

e T A T
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Aapo Hyvarinen [2005](Intuition)

The gradient of log pyata (X):

Jlogp Ologp, Jdlog p,
Vx l0g Paara(X) = [ 0 T R0, Tdata(x)
1
1 i n T
s0(x) = [sh(3), - sh(x), -, S5 (0)]

We can minimize the Fisher Divergence without de ground truth score:

L(0) = 5Epy(0llIse(x) = Vi log Pata(x)|%]

=3 /X Paata ()89 () — Vx10g Paea ()20

n
. 1,
= /Xpdata(x) Z ((9,-3'9(X) + 23’9()()2> dx+ C.
i=1
Here 9;s},(x) estimate the elements of the Laplacian vector of log pgata (X)
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Using Aapo’s Theorem in a 2D Case (Intuition)

Let us illustrate Aapo’s theorem on a 2-dimensional example. Below are
three visualizations:

Gaussian Mixture

Initial Vector Field Trained Vector Field

Problem! We would like to sample "any point” from X and use Langevin
dynamic to end up in high areas of log pyata-

PA Le Tolguenec 8/38



Introduction
0000000e

The noise trick (Intuition)

The idea of the noise trick is to define a series {X;}|o,; Of nrandom variables (with
Xo ~ pgata Of increasing variance o, 1 > o;. In order to sample from the target distribution,
we then need to solve n Langevin dynamics processes to return to a sample of the previous

random variable X; 1o, Xi_1 (Well... That's what | thought). We learn a serie of scores:

n

£0) =3 TEpcolllso(x.1) — Vi logp(x)IP)

i=0
p2 : Second Diffusion
) -2 3 2 4

po : Initial Distribution

py : First Diffusion
) -2 3 2 4
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Stochastic Differential Equations (SDEs)
General Form: Continuous-time Markov chain
dXt = f(Xt, t)dt + O'(Xt, t)th

Where:
e X;: stochastic process
o f(Xi, t): drift term
® o(Xi, t): diffusion term
e W;: standard Brownian motion

Key Examples
¢ Ornstein-Uhlenbeck Process
e Langevin Dynamics
e Continuous SGD

v
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Denoising Diffusion Probabilistic Models (DDPM)

Forward Diffusion Process (Adding Noise)

ax; = —%,B(t)Xt dt + +/B(t) dW; Variance preserving (VP)

402 with Xo ~ Pdata
aXi = ,/%(1‘) dW; Variance exploding (VE)

These equations are design choices. Their designs should be considered at the same level
as the model design itself.

® J3(t) > 0is the noise variance function (schedule)
® W;is a standard Brownian motion

PA Le Tolguenec
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Step 1: Closed form for X; (Bert Oksendal[2000])

:
dX; = — 2 A()Xeat + /B(T) dW;

t
= I(t)dX; %,B(t)l(t) Xedt = I(t)\/B(t) dW; with I(t) = exp ( / %ﬁ(s)ds)
N—_——— 0
% (1) Integrating Factor

= I(t)dX; + dIX; = I(t)/B() dW,
— d(IX) = I(H)v/B(T) dW;

Let's integrate between 0 and t

[awx= [ Ve aw
X; - exp (% /Otﬁ(s)ds) :Xo—f—/ot\/@exp (/:%ﬁ(u)du) dWs
X; = Xo - exp (—%/(;tﬂ(s)ds) +/Ot\/@.exp (—%/stﬁ(u)du) dWe
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Step 1: Closed form for X;

Stochastic process X;

Xi = Xo - exp (—%/Otﬁ(s)ds) +/Otm~exp (—%/Stﬁ(u)du) dWs @)

Deterministic after first sample Stochastic term

Key result: (Sample without the need to integrate.)

For x5 ~ Xp and x; ~ X;, we have :
pxilx0) = N (1(x0, 1), 07) @)
where:
1 t
(X0, t) = Xo - exp (75/ B(s) ds) Use "le bon sens” (4)
0
t t
o? = / B(s) - exp (—/ B(u) du) ds Use Itd isometry (5)
0 s

v
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Step 2: Estimate V,, log px, (M.C.K. Tweedie[1940])

The optimization performed in DDPM

L)= E | & — so(u(x0, 1) + oFe, ) |2
Xo~Xo —_—
t~U([0,1] Xt
e~ N(0,1)

Tweedie formula

Let X be a random variable and Y a noisy observation defined as:

Y=X+exo?, e~N(O).

The goal is to estimate the conditional expectation E[X | Y = y]. Tweedie's formula states:

d
EX|Y=yl=y+ aZd—y log Py (¥),
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Step 2: Estimate V,, log px, (M.C.K. Tweedie[1940])

Tweedie formula in our case

Let u(Xo, t) be a random variable and X; a noisy observation defined as:

Xi = u(Xo, t) + e %02, &~ N(O, ).

The goal is to estimate the conditional expectation E[u(Xo, t) | Xt = y]. Tweedie's formula
states:

—€

E_ [u(xo, 1) | Xt = xt] — xt —
x0~Xo (X0, t) — Xt
Vi logPx; = o? - XOEXO 02 [ X =x
Se(Xt)

v

Using Aapo objectif (Laplacian) is more expensive (Song [2019]). Computing the Laplacian is
d times the cost of the gradient cost. (However, this needs to compute expectation for each
Xt.)
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Step 2: Estimate V,, log px, (M.C.K. Tweedie[1940])

Different objectives

Cuogea® = 8 (Il B [aGol] - so.0) o]
Xt~ Xt
Liogical(0) # Lpratical(0)
Loracical(®) =, B [l G0r0lxt) = 86(x, 1) 2] o8 e
t~U([0,1])
Xt~ Xt

Same gradients (For Bregman divergence)

VﬁLogicaI(Q) = VLpratical(0)
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Step 3: Go back (Naive approach)

Jump from random variable to random variable using LD

Sampling from a specific random variable:

Let say, | want to sample from a specific distribution p* and make the assumption that for
the following SDE:

dXs = a(s) ds + b(s) dWs,

I can find a(s) and b(s) such that lims—,c px, = p*

Fokker-Planck equation (1-dimension):

oP(x,s) 0 2

92 A
o5~ “ox [a(s)P(x,s)] + o [Eb(s)b(s)T P(x, )]

Here, P(x, s) = px,(x) the probability measure of the random variable X; in x.
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Step 3: Naive approach
We need to find a(s) and b(s) such that when 2£:8) — 0, we have P = p*.

9P(x.5)
8P(8);7 s) = —% [a(s)P(x,s)] + % [%b(s)b(s)r P(x,s)]

=0 At equilibrium

2
12" ()] = 5 3B P ()]
We suppose b(s)b(s)T =2l

a(s)p"(x) = Vup" + C

=0

a(s) = V;p — ¥y log(p")

Naive reverse process

Sampling from p*

LD(Xupx
_)

u+du h)

dXs = Vi, log(p*) + V2aWs

LD(Xp.p* )X

u - u+du
Transition model +

Where u is the reverse time and hthe
simulated time.
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Step 3: Anderson[1982]

The reverse process is a specific SDE

{dXt = f(X;, t)dt + g(t)dW; Forward

ax; = [f(X,, ) — g?(t)V |0g(PX,)] dt + g(t)dW; Reverse

The reverse SDE for VP

X = I:*%Xt Y |og(px,)] B(t)dt + B(t)dW,
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Score-based summary

® (Closed form for X; (Because no need to integrate to sample from X;)
® Learn Vy log Py, (Tweedie or Hyvarinen)
e Use the reverse SDE (Anderson[1982]) to go from Xiinal 1O Xo

Question to answer

® Hyvarinen vs Tweedie ?
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Flow Matching (Distributions are "Pate a modeler”)

Change of variable

Let X and Y be two random variables such that Y = (X) with ¢ : R — R7 a "
diffeomorphism (endomorphism + bijection + ¢~ € C'), we can write py given py as:

py(y) = px(¥ ' (y))ldetd, v~ (y)|

Normalizing flows: approximate the pdf

Given m data points {X }ke[o,m drawn from pyae,, start from Gaussian px, = N(0,1), apply
n'discrete’ parametrized transilormations 0 = {0i}iep,n such that X,y = fp, 0+ 0 fp, (X4)
and minimize:

£6) = Emj —tog (p%,.., (%))

k=0

After optimization, we can draw samples from pya¢s by sampling from py, and apply the
transformation series to the sample.
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Flows using vector field

Continuous-time flow definition

A C' flow ¢ can be defined in terms of a C"([0, 1] x R9, R9) velocity field
u:[0,1] x R — RY implementing u : (t, x) — u(x) via the following ODE:

d
Ew[(x) = ur((x)) (flow ODE)
Yo(x) = x (flow initial conditions)
Coddington[1956] shows the existence and unicity of the solution.

In short, you can define a flow by the series of vector fields that shaped it.
In practice, we learn u}

Probability path

A time-dependent probability (pt)o<t<1 is a probability path. So, the marginal PDF of a flow
model X; = 1¢(Xp) at time t:

Xt ~ pt

PA Le Tolguenec 22/38



Flow Matching
00®00000000

Continuous-time flow visualization

Distribution transformed by the flow
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Training with simulation
The Continuity Equation (Villani[2009])

E pi(x) + div(pru)(x) = 0

The Instantaneous Change of Variable (Chen et al.[2018])

1
%logpr(dh(x)): —div(uy)(e(x)) = |0gp1(¢1(x)):logpo(lbo(x))-ir/o —div(ur)(¢r(x))dt

v
.

Train with simulation

We can simulate the ODE to obtain pf:

{zmd, = ¢ + dt - Up(er)

L@ =— E |logp?
Initial conditions: 1o(x) = x and py = N(0, /) ©) X~Pgata [ng1 (X)]

We learn uy(t)

.
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Simulation free flow matching

Hard Objective: Searching for W, ticjo,1) O P,

Px = argwmin A |p¢(X0)(X) — Pdata(X)ax

X4

1 *
— (o+ [ o) = argmin [ 1p( gt unayon 00— Prara()lex

Ute[o,1]
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Looking for probability paths

Conditional probability paths

Consider conditioning the design of p; on a realization X; = xq, yielding py1(x|x1). The
marginal probability path py is:

pi() = [ Py (xben)aaa)e (6)

Pyj1(X|x1): The probability of x ~ X; given that we will be in x; when t = 1

. ,‘ j,' '\1,\‘”'(:?“1‘“ ré’”"'b‘

(@ Conditional probability (b) (Marginal) Probability (c) Conditional velocity field (d) (Marginal) Velocity field
path pi(z|z1). path pi(z). ug(z|z1).

().
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The Conditional Strategy: One probability path'!

Flow Matching Conditional Flow Matching

Boundary conditions: Boundary conditions:
® po = N(0,1) (not always) ® poj1(-1x) = N(0, 1) (not always)
® Pt = Pdata ® pij1(-[x1) = 6x (x) (boundaries = nb
samples)

One such conditional probability path

priClxi) = N(| txq , (1 — )21
N N——

Kt Urz

Indeed, we have py1(-|x1) = dx () and pg|1 (-|x1) = N(-]0, /).

A\
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From probability path to vector field

Only one sample xq

ur(-|x1) generates py 1 (-|x1
(e t‘ (ha) (c) Conditional velocity field

ue(z|z1).

All samples:

u(x) = / U (X[ )1 (1 [X)

(d) (Marginal) Velocity field
ue(z).
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The final objective for Conditional Flow Matching
(CFEM)

Literal expression for u(|x1)

~ X
t1
~Xo

X1 = ur(Xya |x1)dt = ur (Xy1lx1) = x1 — Xo

Gradient Equality

vLLogicaIM) = V‘CPraticaI(e)

Xt = (T~X1+(11‘)'

Lem(0)= E {H up((t-x1 + (1 —1)) - x), 1) — (X1 — xo) ||2]

t~U[0,1]
Xo~N(0,1)
X1 ~Pdata

=Xt
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Flow matching summary

e Searching for ¢ or ue[o 17 is complicated so we look for probability paths [

0,1]"

® \We know a (conditional) probability path px, with the right boundary conditions.

telo,1])[1
® We learn the vector field uco,1y1 Producing that probability path.
To sample from py,ea, SamMple xo ~ Xo and simulate dX; = up (X;)dt (until 1).

N F
@

W
7

(a) Data. (b) Path design. (c) Training. (d) Sampling.
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Rectified flows: Optimal Transport

Minimize Straightness

Recursive flow

1 .
_ s@2)= [ B[l@-2)-Z ] o
te[0,1] 0

st (ZK,ZK) = (X0, X;) vk €|0,n]] i S(Zk)<ﬂ*1[|| X1 =X %]
ke{0,...,K} - K

2l =T (Zpm)

T T
e Rectifisd Flow

S Linar

p—

(c) Linear interpolation (dy Rectified flow 27
induced by (Zno, Z1)

(a) Linear interpolation {b) Rectified flow Z,

X =tX1 +(1-#§)Xp induced by (Xo, X1) By =tE1 + (1 —1)Zo
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General intuition

Score-based and flow matching methods share similarities.
Training

e Score matching: £ = Ep__(x[[156(X) — Vx log Pyata(x) 7]

* Flow matching: Len(0) = Eqwisjo,1],x~py(x) [I1Ua (X, 1) — u(x; )| [?]
Sampling

® Score-based: by simulating the reverse SDE

aX; = [f(Xi, 1) — G*(1)V log pe(Xi)] at + g(1)dW;
® Flow matching: by simulating the transport ODE dX; = u(X;, t)dt
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Fokker-Planck and probability paths

Fokker-Planck equation

Given the SDE dX; = u(X;, t)dt 4+ o (X, t)dW, Fokker-Planck equation describes the
evolution of the probability path p;(x):

2
3%(2) —dive(p(x, Dpr(x)) + [Z %o( Bpe(. )} (x) @

ij

Special cases
e Deterministic case (FM): o(x, ) = 0 = 2200 — _div, (u(x, t)pt(x))

e Diffusion case: o(x, t) = o(t) = apf —divx ([u(x 1) — $o(t)2V Iogp,(x)] p,(x))
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Fokker-Planck and probability paths
Special cases
® Deterministic case (FM): o(x,t) =0 = ap‘ —divx(p(x, t)pt(x))

® Diffusion case: o(x,t) = o(t) = apf( ) = fdlvx ([ x,t)— 5 (t)2V Iogp,(x)] pt(x))

Shared probability paths
The dynamics defined by

dXi = (X, t)dt + o(t)dW;  (stochastic) (7)
ax; = [M(X[, f) — %a(t)zv Iogpt(X[)} dt (deterministic) (8)
share the same probability path, given by

20 — —atve  [uxst) — (029 bog ()| i) ©)
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Formally
Time convention
® Flow matching: t from 0 ("noise”) to 1 (data)
e Diffusion: r from r = +co (noise) to 0 (data)
Let us denote by r = k(t) the reparameterization.

Forward diffusion VS Conditional probability path

Considering the forward diffusion dX; = f(X;, r)dr + g(r)dW;, the density of (X;|Xp) is given
by

P(xr|Xr—0) = N (7(r)X,—o, 3(r)?1) (10)

With the above time reparameterization, it corresponds to the conditional probability path
e (x| X1 = Xr—0) = N(axy, 021 (an

with oy = F(k(t)) and o; = §(k(t)). This probability path is an affine Gaussian probability
paths, constructed with the conditional flow

Xf = Oti1 + UtXO (12)

o
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Formally - Sampling

Link between score and velocity field

Considering an affine Gaussian probability path py1 (xt|x0) = N (atxo, o21), we have

. . o 2
ux,t) = Sx - WV log pr(x) (13)
) 2
— k(|10 ~ CET o] (19

u(x, t) is classically approximated using flow matching, while, V log p;(x) is classically
approximated using score matching.

Then, ODE or SDE sampling following the equations

dX; = k(t) [f(Xt, t) — %g(t)ZVIngt(X[)} dt (deterministic) (15)
=u(X;, 1)
dX; = k(t) (f(x,, 1) — g(1)2V log pt(x,)) dt + k(t)g(t)aW; (stochastic) (16)
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Score-based VS Flow matching summary

Score-based methods "=" Gaussian affine conditional flow

® The probability paths defined by the reverse diffusion SDE and the flow ODE of a
Gaussian affine conditional flow are the same.

® [n this setting, the velocity field u(x, t) is an affine combination of x and the score
V log pr(x)

® |n both frameworks, we can sample from pg., by solving a SDE or an ODE.

— FM more general framework, as it does not necessarily interpolate from a Gaussian to
Pdata-

Source: "Le poly de Meta”
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Conclusion
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Conclusion & Takeaways

¢ Challenge: Generate sample from an unknown distribution.
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Thanks for your attention!
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